The Ostrogradsky theorem states that any classical Lagrangian that contains time derivatives higher than the first order and is nondegenerate with respect to the highest-order derivatives leads to an unbounded Hamiltonian which linearly depends on the canonical momenta. We prove that such Hamiltonian is still unbounded quantum mechanically.
Introduction -The Ostrogradsky theorem states that any Lagrangian which contains more than first-order time derivatives and is non-degenerate with respect to the highest-order derivatives leads to a classical Hamiltonian which is not bounded due to its linear dependence on the canonical momenta [1, 2] . It implies that there is in general no stable configuration, which is known as the Ostrogradsky instability. Because of its generality, this theorem is powerful and provides severe restriction for constructing consistent higher-derivative theories. However, the unboundedness of the classical Hamiltonian does not always mean that the corresponding quantum Hamiltonian is also unbounded since the canonical momentum cannot be varied independently of its conjugate variable due to the uncertainty principle. For instance, the Hamiltonian of the hydrogen atom is classically unbounded but bounded from below quantum mechanically. It is then an interesting question to ask if the Ostrogradsky theorem remains true even at the quantum level. Although it has been considered in the literature that the theorem still holds quantum mechanically [2] , to the best of our knowledge, there are no explicit and quantitative studies that address this issue. In this Letter, we prove that the Hamiltonian of the nondegenerate Lagrangian containing higher-order time derivatives is unbounded quantum mechanically and has no ground state.
Ostrogradsky theorem -Before giving the proof, we briefly review the Ostrogradsky theorem to make this Letter self-contained. Let us consider a general secondorder Lagrangian L = L(q,q,q) of a point particle q = q(t). Following the Ostrogradsky's method [2] , we define canonical coordinates q 1 = q, q 2 =q and their conjugate momenta as
In general, p 1 and p 2 are functions of {q,q,q, ... q }. The assumption of the Ostrogradsky theorem is that the Lagrangian is nondegenerate with respect to the highestorder derivative, namely, ∂ 2 L/∂q 2 = 0, under which the Euler-Lagrange equation is fourth-order differential equation for q. From the nondegeneracy and the implicit function theorem, we can solve (1) forq = f (q 1 , q 2 , p 2 ), ... q = g(q 1 , q 2 , p 1 , p 2 ). Notice thatq does not depend on p 1 . The Hamiltonian is then given by
where
Hence, the Hamiltonian is linear in p 1 and unbounded. This is the Ostrogradsky theorem at the classical level.
Quantization -In parallel to the quantization of hydrogen atom, one may think a possibility to remove the Ostrogradsky ghost by quantization. Below, we show that the unbounded Hamiltonian persists for quantization. Let us quantize the Hamiltonian (2) by imposing the canonical commutation relations as
where a, b run 1, 2 and we shall work in the natural unit = 1. Then the quantum Hamiltonian becomeŝ
This Hamiltonian has ambiguities due to the ordering of the operators. As it will be clear from the following calculations, our result is not affected by such ambiguities. If there exists a ground state |0 such thatĤ|0 = E 0 |0 , we have ψ|Ĥ|ψ ≥ E 0 for any state |ψ with the normalization ψ|ψ = 1. Thus, if ψ|Ĥ|ψ is not bounded from below, there is no ground state.
Let us consider a state |ψ defined by
where |φ a is an arbitrary state in the Hilbert space for q a ,p a and satisfies the normalization condition φ a |φ a = 1. The norm of this state is hence unity, ψ|ψ = 1. For this state, the expectation value ofĤ is written as
Now let us focus on a particular one-parameter family of states |φ 1 composed of a superposition of |x , which is the eigenstate of |q 1 , i.e.q 1 |x = x|x ,
where k ∈ R is a parameter, and g(x) is an arbitrary function independent of k and quickly decaying for |x| → arXiv:2001.02483v1 [hep-th] 8 Jan 2020
∞ to satisfy the normalization condition dx|g(x)| 2 = 1.
We then obtain
where F(x) ≡ φ 2 |F (x,q 2 ,p 2 )|φ 2 . It is obvious that Eq. (9) is independent of k. Putting these results together, we conclude that ψ|Ĥ|ψ can be written as
where φ 2 |q 2 |φ 2 and C depend on |φ 2 but not on k.
Thus, ψ|Ĥ|ψ depends linearly on k and the Hamiltonian is unbounded even at the quantum level. While (10) is a subset of the full spectrum of the eigenvalues of the Hamiltonian for |φ 1 given in (7), its unboundedness means that the full spectrum is also unbounded.
Quantum field theory -Furthermore, we can generalize our analysis to quantum field theory. Consider a single scalar field φ = φ(t, x) in flat spacetime background. We suppose that the Lagrangian density L = L(φ, ∂ µ φ, ∂ µ ∂ ν φ) contains up to second derivatives and the nondegeneracy ∂ 2 L/∂φ 2 = 0. The canonical variables are φ 1 = φ, φ 2 =φ. Then, from the variation of the action, we find the canonical conjugate momenta as
With the nondegeneracy assumption, the implicit function theorem guarantees that we can solve the second equation forφ and obtainφ = f (π 2 , φ 2 , φ 1 , φ 1,i ), where φ 1,i ≡ ∂ i φ 1 . Then, the Hamiltonian density is given by
It is clear that H linearly depends on π 1 . Now, we promote the classical fields to the operators in the Schrödinger picture and impose the canonical commutation relations
We consider a state given by
where |Ψ a is a state in the Hilbert space for the operatorŝ φ a ,π a . Let us consider a set of states parametrized by a real function k( x) as
where |ψ 1 is eigenstate ofφ 1 ( x), namely,φ 1 ( x)|ψ 1 = ψ 1 ( x)|ψ 1 . Then, it is straightforward to show that
where Ψ 2 |φ 2 |Ψ 2 and C( x) are independent of k( x). Thus, the Hamiltonian depends on k( x) linearly and is not bounded from below nor above.
Conclusion and discussion -In this Letter we proved that the Ostrogradsky ghost outlasts even after quantization. While we focused on the single-variable secondorder Lagrangian L = L(q,q,q), our analysis can be straightforwardly generalized to any multi-variable systems L = L(q i ,q i ,q i ) that is nondegenerate with respect to the highest-order derivatives, i.e. det(∂ 2 L/∂q i ∂q j ) = 0. However, such a system could still suffer from the Ostrogradsky ghosts even if the above determinant vanishes or even ∂ 2 L/∂q i ∂q j = 0 [3] . The above analysis does not cover such a case since the vanishing of the determinant generically yields constraints among the canonical variables. It is interesting to clarify if the quantization of such systems still leads to the unbounded Hamiltonian, which we leave for a future work. On the other hand, it is also straightforward to generalize the above argument to any nondegenerate multi-variable Lagrangian containing time derivatives higher than second order since adding higher time derivatives just amounts to adding more canonical momenta linearly to the Hamiltonian.
